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Abstract
Starting from Problem 1 of IMO 2026, we study the number of moves in the process
that replaces two integers 𝑚, 𝑛 > 1 by gcd(𝑚, 𝑛) and lcm(𝑚, 𝑛)/ gcd(𝑚, 𝑛). For two ini-
tial entries, the number of moves is determined by subtractive Euclidean algorithms
on the exponents of the prime factors. For coprime integers 𝐴, 𝐵 > 1, we determine
all possible numbers of moves when the initial entries belong to {𝐴, 𝐵, 𝐴𝐵}. These
numbers are consecutive integers, and we give explicit formulas for the smallest and
largest values. The board (𝐴2𝐵, 𝐴2𝐵, 𝐴𝐵2), however, has possible lengths {3, 5, 6, 7}.
For each integer ℓ ≥ 4, we also construct a board admitting plays of lengths ℓ − 1 and
ℓ + 1, but no play of length ℓ.

Keywords. Greatest common divisor; least common multiple; Euclidean algorithm;
invariant; number of moves.

1 Introduction
Problem 1 of IMO 2026 concerns a board containing 2026 integers greater than 1. At each
move, we choose two entries 𝑚, 𝑛 > 1, erase them, and write in their places

gcd(𝑚, 𝑛) and lcm(𝑚, 𝑛)
gcd(𝑚, 𝑛) . (1)

Here gcd(𝑚, 𝑛) and lcm(𝑚, 𝑛) denote the greatest common divisor (gcd) and least com-
mon multiple (lcm) of 𝑚 and 𝑛, respectively. The chosen entries must occupy different
positions, but they may have the same value. Entries equal to 1 cannot be chosen. We
continue until fewer than two entries greater than 1 remain. Such a complete sequence
of moves will be called a play, and its length is its number of moves.

The problem asks us to prove that every play endswith exactly one entry greater than
1, and that this entry is independent of the pairs chosen; see [1]. The conclusion remains
valid when 2026 is replaced by any integer 𝑟 ≥ 2. The invariant involving the exponents
of the prime factors, and the formula for the terminal value, appear in the solutions of
Chen [2] and Bado [3]. The decreasing quantity used to prove termination in Section 2
also appears in [3].

Every play from (2, 2, 6) ends with the same number. Can you find two plays of differ-
ent lengths? Try starting once with the two 2s and once with 2 and 6.

We omit the 1s and ignore order, but keep repetitions. Each arrow is one move:

(2, 2, 6) ⟼ (2, 6) ⟼ (2, 3) ⟼ 6,
(2, 2, 6) ⟼ (2, 2, 3) ⟼ (2, 6) ⟼ (2, 3) ⟼ 6.

Both plays end at 6, the first after three moves and the second after four.
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Which lengths are possible for a given initial board? Let ℒ(a) denote the set of all
possible lengths of plays from a = (𝑎1, … , 𝑎𝑟). The two plays above show that 3, 4 ∈
ℒ(2, 2, 6); they do not rule out other lengths. We determine the entire set ℒ(a) in several
cases. For a board consisting of a single entry 𝑎 > 1, we put ℒ(𝑎) = {0}, since no move is
needed.

The case of two entries leads to the subtractive Euclidean algorithm. Its number of
steps is the sum of the quotients in the ordinary Euclidean algorithm; this is a classical
result, for which see [4]. The length of the subtractive algorithm is also studied in [5].
Theorem 3.3 combines the step counts for the individual prime factors to determine the
number of moves in the game.

For boards with more entries, we consider the case in which every entry belongs to
{𝐴, 𝐵, 𝐴𝐵}, where 𝐴, 𝐵 > 1 and gcd(𝐴, 𝐵) = 1. Every new entry greater than 1 still be-
longs to this set. Theorem 4.1 determines all possible lengths for these boards. Theo-
rem 5.1 then exhibits a board whose possible lengths are not consecutive integers, and
Lemma 5.3 extends this example to an infinite family.

Notation for exponents. For a prime 𝑝 and a positive integer 𝑡, let 𝑣𝑝(𝑡) denote the
exponent of 𝑝 in the prime factorization of 𝑡. If 𝑝 does not divide 𝑡, then 𝑣𝑝(𝑡) = 0. For
example, 72 = 23 ⋅32 gives 𝑣2(72) = 3, 𝑣3(72) = 2, and 𝑣5(72) = 0. PutΩ(𝑡) = ∑𝑝 𝑣𝑝(𝑡), where
the sum is over all primes. Only finitely many terms are nonzero. Thus Ω(𝑡) counts the
prime factors of 𝑡, with repetitions counted separately; for example, Ω(72) = 5.

We use 𝑣𝑝(1) = Ω(1) = 0. Since 𝑣𝑝(𝑎𝑏) = 𝑣𝑝(𝑎) + 𝑣𝑝(𝑏), we have Ω(𝑎𝑏) = Ω(𝑎) + Ω(𝑏).
Also, gcd(𝑢, 0) = 𝑢 for 𝑢 ≥ 0, so adjoining zero entries does not change the gcd of a list of
numbers. We use the convention gcd(0, … , 0) = 0.

2 The terminal value and bounds on the number of moves
We recall the argument using the exponents of prime factors so that the reader need not
consult another solution. The main arguments in the following theorem already appear
in [2, 3].

Theorem2.1. Let 𝑎1, … , 𝑎𝑟 > 1 be integers, where 𝑟 ≥ 2. Starting from (𝑎1, … , 𝑎𝑟), the game
always terminates after finitely many moves with exactly one entry 𝑀 > 1. Set 𝑃 = 𝑎1 ⋯ 𝑎𝑟.
Then

𝑀 = ∏
𝑝∣𝑃

𝑝gcd(𝑣𝑝(𝑎1),…,𝑣𝑝(𝑎𝑟)), (2)

where the product is over the prime divisors of 𝑃 . In particular, 𝑀 is independent of the
pairs chosen.

Proof. We first prove termination. In this proof, we retain the entries equal to 1 when
writing the board as b = (𝑏1, … , 𝑏𝑟). Set 𝑃(b) = 𝑏1 ⋯ 𝑏𝑟, and let 𝐶(b) be the number of
entries greater than 1.

Suppose amove selects𝑚, 𝑛 > 1, and set 𝑑 = gcd(𝑚, 𝑛). Since gcd(𝑚, 𝑛) lcm(𝑚, 𝑛) = 𝑚𝑛,
the new entries are 𝑑 and 𝑚𝑛/𝑑2. The removed entries have product 𝑚𝑛, whereas the
new entries have product 𝑚𝑛/𝑑. All other entries remain unchanged, so the product
of the entries on the board is divided by 𝑑. By the additivity of Ω, the quantity Ω(𝑃(b))
decreases by exactly Ω(𝑑).

If 𝑑 = 1, the new pair is (1, 𝑚𝑛), so 𝐶 decreases by one. If 𝑑 > 1, then Ω(𝑃(b)) decreases
by at least one, while 𝐶 does not increase.

Domathematics carefully. Think independently. cunghoctoan.com · cunghoctoan.net 02/ 12

https://cunghoctoan.com
https://cunghoctoan.net


CÙNG HỌC TOÁN LIBRARY
Issue 01 · Olympiad mathematics

Thus the nonnegative integer

Φ(b) = Ω(𝑃(b)) + 𝐶(b)

decreases by at least one at each move. A nonnegative integer cannot decrease in this
way indefinitely, so the game must terminate.

At termination, at most one entry is greater than 1; if there were two such entries,
they could still be selected. On the other hand, the product of the two new entries is
always lcm(𝑚, 𝑛) > 1, so every move leaves at least one entry greater than 1. Hence the
terminal board has the form (𝑀, 1, … , 1), where 𝑀 > 1.

To determine 𝑀 , we use an invariant, that is, a quantity unchanged by every move.
Fix a prime 𝑝, and set 𝑢 = 𝑣𝑝(𝑚) and 𝑣 = 𝑣𝑝(𝑛). The exponent of 𝑝 in the gcd is min(𝑢, 𝑣),
and its exponent in the lcm is max(𝑢, 𝑣). Thus the exponents of 𝑝 in the two new entries
are

min(𝑢, 𝑣) and max(𝑢, 𝑣) − min(𝑢, 𝑣) = |𝑢 − 𝑣|,
respectively. We have gcd(𝑢, 𝑣) = gcd(min(𝑢, 𝑣), |𝑢 − 𝑣|): if 𝑢 ≥ 𝑣, this is the identity
gcd(𝑢, 𝑣) = gcd(𝑣, 𝑢 − 𝑣). The exponents at positions not selected remain unchanged. It
follows that

gcd(𝑣𝑝(𝑏1), … , 𝑣𝑝(𝑏𝑟))
is invariant. On the terminal board, the exponents are 𝑣𝑝(𝑀), 0, … , 0, whose gcd is 𝑣𝑝(𝑀).
Hence

𝑣𝑝(𝑀) = gcd(𝑣𝑝(𝑎1), … , 𝑣𝑝(𝑎𝑟)).
Each new entry divides 𝑚𝑛, so a prime absent from the initial board cannot occur later.
Equation (2) follows.

For example, on the board (12, 12, 18), the exponents of 2 are (2, 2, 1), and those of 3
are (1, 1, 2). Both triples have gcd 1. Since no other prime occurs, the terminal value is
always 2 ⋅ 3 = 6.

The quantities 𝐶 and Φ also yield lower and upper bounds on the number of moves.
A lower bound is a number below or equal to every possible length; an upper bound is
defined in the same way, with the inequality reversed.

Proposition 2.2. Retain the notation of Theorem 2.1. If a play has 𝑁 moves, then

𝑟 − 1 ≤ 𝑁 ≤ Ω(𝑃) − Ω(𝑀) + 𝑟 − 1. (3)

Equality holds on the left if and only if every selected pair consists of equal or coprime
entries. Equality holds on the right if and only if every selected pair consists of coprime
entries, or of distinct entries whose gcd is prime.

Proof. For a move selecting 𝑚, 𝑛, set 𝑑 = gcd(𝑚, 𝑛). If 𝑑 = 1, the new pair is (1, 𝑚𝑛). If
𝑚 = 𝑛, the new pair is (𝑚, 1). In both cases, 𝐶 decreases by one. In the remaining case,
𝑑 > 1 and 𝑚 ≠ 𝑛. Then lcm(𝑚, 𝑛) > 𝑑, so both new entries are greater than 1, and 𝐶 is
unchanged.

Thus eachmove decreases𝐶 by atmost one. Since𝐶 decreases from 𝑟 to 1, at least 𝑟−1
moves are required. The number of moves is 𝑟 − 1 if and only if each move decreases
𝐶 by one, which occurs precisely when every selected pair consists of equal or coprime
entries.
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For the upper bound, let Δ denote the decrease in onemove, namely, the value before
the move minus the value after it. The calculation in the proof of Theorem 2.1 yields the
following table.

Case ΔΩ(𝑃(b)) Δ𝐶 ΔΦ
𝑑 = 1 0 1 1
𝑚 = 𝑛 Ω(𝑚) 1 Ω(𝑚) + 1

𝑑 > 1, 𝑚 ≠ 𝑛 Ω(𝑑) 0 Ω(𝑑)

Each decrease in Φ is at least 1. Its initial and final values are Ω(𝑃) + 𝑟 and Ω(𝑀) + 1,
respectively, so

𝑁 ≤ (Ω(𝑃) + 𝑟) − (Ω(𝑀) + 1).
Equality holds if and only if every move decreases Φ by exactly one. In the second row
of the table, Ω(𝑚) + 1 ≥ 2 since 𝑚 > 1. In the third row, Ω(𝑑) = 1 if and only if 𝑑 is prime.
These observations give exactly the stated condition.

3 The number of moves from two entries
If the initial board contains only two entries 𝑚, 𝑛 > 1, then there is exactly one legal
pair at every move before termination. Thus ℒ(𝑚, 𝑛) has a single element, which we
denote by 𝑁(𝑚, 𝑛). The transformation of the exponents in the preceding proof leads to
the subtractive Euclidean algorithm.

At each step of this algorithm, we retain the smaller number and replace the larger
number by their difference. We stopwhen one number is 0. More precisely, set 𝐹(𝑢, 𝑣) =
(min(𝑢, 𝑣), |𝑢 − 𝑣|) for nonnegative integers 𝑢, 𝑣. We write 𝐹 𝑗(𝑢, 𝑣) for the pair obtained
after 𝑗 successive applications of 𝐹 , with 𝐹 0(𝑢, 𝑣) = (𝑢, 𝑣).
Lemma 3.1. Let 𝑢, 𝑣 be nonnegative integers with (𝑢, 𝑣) ≠ (0, 0). Let 𝑠(𝑢, 𝑣) be the number
of applications of 𝐹 until one component first becomes 0; if 𝑢𝑣 = 0 initially, set 𝑠(𝑢, 𝑣) = 0.
Then 𝑠(𝑢, 𝑣) is finite.

Set 𝑔 = gcd(𝑢, 𝑣) and 𝑠 = 𝑠(𝑢, 𝑣). If 𝑠 > 0, then

𝐹 𝑠(𝑢, 𝑣) = (𝑔, 0) and 𝐹 𝑡(𝑢, 𝑣) = (0, 𝑔) for all 𝑡 ≥ 𝑠 + 1.

If 𝑠 = 0, then 𝐹 𝑡(𝑢, 𝑣) = (0, 𝑔) for all 𝑡 ≥ 1.

Proof. While both components are positive, their sum decreases at each step, since
min(𝑢, 𝑣) + |𝑢 − 𝑣| = max(𝑢, 𝑣) < 𝑢 + 𝑣. This sum is a nonnegative integer, so one
component must become 0 after finitely many steps.

The gcd of the two components is preserved by 𝐹 . If 𝑠 > 0, both components are
positive immediately before step 𝑠. The first component after this step is the smaller of
those two positive numbers, so it remains positive. Hence the second component is the
one that becomes 0. The resulting pair has gcd 𝑔 and must therefore be (𝑔, 0).

We have 𝐹(𝑔, 0) = (0, 𝑔) and 𝐹(0, 𝑔) = (0, 𝑔). Thus one further application of 𝐹 gives
(0, 𝑔), which remains fixed thereafter. If 𝑠 = 0, the initial pair is (𝑔, 0) or (0, 𝑔), so the same
two identities prove the assertion.

Under this convention, the transformation (𝑔, 𝑔) ↦ (𝑔, 0) counts as one step. This ex-
plains why the formula below includes the quotient in the final division. The formula is
a classical result on the subtractive Euclidean algorithm; see [4].

Domathematics carefully. Think independently. cunghoctoan.com · cunghoctoan.net 04/ 12

https://cunghoctoan.com
https://cunghoctoan.net


CÙNG HỌC TOÁN LIBRARY
Issue 01 · Olympiad mathematics

Lemma 3.2. Let 𝑢, 𝑣 be positive integers. If 𝑞1, … , 𝑞𝑡 are the quotients in the Euclidean
algorithm applied to max(𝑢, 𝑣) and min(𝑢, 𝑣), including the quotient in the final division
with remainder 0, then

𝑠(𝑢, 𝑣) = 𝑞1 + ⋯ + 𝑞𝑡.

Proof. Since 𝐹(𝑢, 𝑣) = 𝐹(𝑣, 𝑢), we have 𝑠(𝑢, 𝑣) = 𝑠(𝑣, 𝑢) and may assume that 𝑢 ≥ 𝑣. Write
𝑢 = 𝑞𝑣 + 𝑤, where 0 ≤ 𝑤 < 𝑣. Each of the first 𝑞 steps subtracts 𝑣 from the other number.
Indeed, after 𝑗 < 𝑞 subtractions, that number is 𝑢 − 𝑗𝑣 ≥ 𝑣; after exactly 𝑞 subtractions, it
is 𝑤. Hence the pair after 𝑞 steps is (𝑣, 𝑤).

If 𝑤 = 0, the algorithm terminates after exactly 𝑞 steps. If 𝑤 > 0, a further 𝑠(𝑣, 𝑤) steps
are required. In both cases,

𝑠(𝑢, 𝑣) = 𝑞 + 𝑠(𝑣, 𝑤), where 𝑠(𝑣, 0) = 0.

Applying this identity successively to the divisions in the Euclidean algorithm, each quo-
tient counts the corresponding subtractions. The total number of steps is therefore
𝑞1 + ⋯ + 𝑞𝑡.

For example, the divisions 8 = 2⋅3+2, 3 = 1⋅2+1 and 2 = 2⋅1 yield 𝑠(8, 3) = 2+1+2 = 5.
The five subtraction steps are

(8, 3) ⟼ (3, 5) ⟼ (3, 2) ⟼ (2, 1) ⟼ (1, 1) ⟼ (1, 0).

Returning to the game, an entry 𝑡 equals 1 if and only if 𝑣𝑝(𝑡) = 0 for every prime 𝑝. It
is not enough that each pair of exponents has a zero component: those zero components
must all belong to the same entry on the board. For example, in the pair (2, 3), the expo-
nent of 2 is 0 in the second entry, while the exponent of 3 is 0 in the first; both entries
are still greater than 1.
Theorem 3.3. Let 𝑚, 𝑛 > 1 be integers. For each prime 𝑝 ∣ 𝑚𝑛, set

𝑠𝑝 = 𝑠(𝑣𝑝(𝑚), 𝑣𝑝(𝑛)) and 𝐾 = max
𝑝∣𝑚𝑛

𝑠𝑝.

Then

𝑁(𝑚, 𝑛) = {𝐾, if 𝐾 > 0 and 𝑠𝑝 = 𝐾 for every prime 𝑝 ∣ 𝑚𝑛,
𝐾 + 1, otherwise. (4)

Proof. At each move, we place the gcd in the first position. Set (𝑚0, 𝑛0) = (𝑚, 𝑛), and
define the subsequent pairs by

𝑚𝑗+1 = gcd(𝑚𝑗, 𝑛𝑗) and 𝑛𝑗+1 = 𝑚𝑗𝑛𝑗
gcd(𝑚𝑗, 𝑛𝑗)2 for 𝑗 ≥ 0.

These formulas still make sense when one entry equals 1. In counting the moves of the
game, we stop at the first index 𝑗 for which 𝑚𝑗 = 1 or 𝑛𝑗 = 1; the later pairs are used only
to follow the formulas.

For each prime 𝑝 ∣ 𝑚𝑛, set 𝑔𝑝 = gcd(𝑣𝑝(𝑚), 𝑣𝑝(𝑛)). At least one of the two exponents is
positive, so 𝑔𝑝 > 0. The transformation of the exponents yields

(𝑣𝑝(𝑚𝑗+1), 𝑣𝑝(𝑛𝑗+1)) = 𝐹(𝑣𝑝(𝑚𝑗), 𝑣𝑝(𝑛𝑗)).

Thus Lemma 3.1 describes the positions of the zero exponents at every move. No prime
other than a prime divisor of 𝑚𝑛 can occur.
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If 𝐾 = 0, then 𝑠𝑝 = 0 for every prime 𝑝 ∣ 𝑚𝑛, which means that each prime divides
only one of 𝑚, 𝑛. Hence gcd(𝑚, 𝑛) = 1, and the first move gives (1, 𝑚𝑛). It follows that
𝑁(𝑚, 𝑛) = 1 = 𝐾 + 1.

Suppose that 𝐾 > 0. There is a prime 𝑝 for which 𝑠𝑝 = 𝐾. Before move 𝐾, both
exponents of 𝑝 are positive, so both entries on the board are greater than 1. Thus the
game cannot terminate before move 𝐾.

If 𝑠𝑝 = 𝐾 for every prime 𝑝 ∣ 𝑚𝑛, Lemma 3.1 gives the exponent pair (𝑔𝑝, 0) after move
𝐾 for every such 𝑝. Thus 𝑣𝑝(𝑛𝐾) = 0 for every prime 𝑝, so 𝑛𝐾 = 1 and 𝑁(𝑚, 𝑛) = 𝐾.

It remains to consider the case where 𝑠𝑞 < 𝐾 for some prime 𝑞. If 𝑠𝑞 > 0, then 𝐾 ≥
𝑠𝑞 + 1; if 𝑠𝑞 = 0, then 𝐾 ≥ 1. In either case, Lemma 3.1 gives the exponent pair (0, 𝑔𝑞) for
𝑞 after move 𝐾. Hence 𝑞 ∣ 𝑛𝐾 , so 𝑛𝐾 > 1. At the same time, a prime 𝑝 for which 𝑠𝑝 = 𝐾
still divides 𝑚𝐾 , so 𝑚𝐾 > 1.

After move 𝐾, the pair of exponents for each prime factor has at least one zero com-
ponent. Thus gcd(𝑚𝐾, 𝑛𝐾) = 1. The next move gives (1, 𝑚𝐾𝑛𝐾) and terminates the game.
Hence 𝑁(𝑚, 𝑛) = 𝐾 + 1.

Remark. For a prime 𝑝 and positive integers 𝑎, 𝑏, there is only one pair of exponents to
consider. Hence 𝑁(𝑝𝑎, 𝑝𝑏) = 𝑠(𝑎, 𝑏), and the number of moves is the sum of the quotients
in the Euclidean algorithm applied to 𝑎, 𝑏.

Example 3.4. For (𝑚, 𝑛) = (6, 12), the exponent pairs for 2 and 3 are (1, 2) and (1, 1),
respectively, so 𝑠2 = 2 and 𝑠3 = 1. Since 𝐾 = 2 but 𝑠2 ≠ 𝑠3, we have 𝑁(6, 12) = 3. The
following table lists the exponent pairs in the same order as the two entries on the board.

Moves made Board Exponents of 2 Exponents of 3
0 (6, 12) (1, 2) (1, 1)
1 (6, 2) (1, 1) (1, 0)
2 (2, 3) (1, 0) (0, 1)
3 (1, 6) (0, 1) (0, 1)

After two moves, each exponent pair contains a 0, but the zeros occur in different posi-
tions. Only after three moves are all exponents in the first position equal to 0.

For (𝑚, 𝑛) = (12, 18), the exponent pairs for 2 and 3 are (2, 1) and (1, 2), and both require
two subtraction steps. Here 𝑁(12, 18) = 2, and the play is

(12, 18) ⟼ (6, 6) ⟼ (6, 1).

4 Classification for boards with three types of entries
Let 𝐴, 𝐵 > 1 be coprime integers. Consider a board with 𝑥 entries equal to 𝐴, 𝑦 entries
equal to𝐵, and 𝑧 entries equal to𝐴𝐵. We denote its set of possible lengths byℒ𝐴,𝐵(𝑥, 𝑦, 𝑧).
A count of 0 means that no entry of that type is present. For example, when 𝐴 = 2 and
𝐵 = 3, the board (2, 2, 6) corresponds to (𝑥, 𝑦, 𝑧) = (2, 0, 1).

Every entry greater than 1 produced by a move still belongs to {𝐴, 𝐵, 𝐴𝐵}. For in-
stance, since gcd(𝐴, 𝐴𝐵) = 𝐴 and lcm(𝐴, 𝐴𝐵) = 𝐴𝐵, the pair (𝐴, 𝐴𝐵) is replaced by (𝐴, 𝐵).
The number of entries equal to 𝐴 is unchanged, the number equal to 𝐵 increases by one,
and the number equal to 𝐴𝐵 decreases by one. The table in the proof below lists all
possible moves.
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Theorem 4.1. Let 𝐴, 𝐵 > 1 be coprime integers, and let 𝑥, 𝑦, 𝑧 ≥ 0 be integers with 𝑟 =
𝑥 + 𝑦 + 𝑧 ≥ 2. If exactly one of 𝑥, 𝑦, 𝑧 is nonzero, then

ℒ𝐴,𝐵(𝑥, 𝑦, 𝑧) = {𝑟 − 1}.

If at least two of 𝑥, 𝑦, 𝑧 are nonzero, put

𝜀 = {0, if 𝑥 > 0 and 𝑦 > 0,
1, if 𝑧 > 0 and 𝑥𝑦 = 0.

Then the terminal value is 𝐴𝐵, and

ℒ𝐴,𝐵(𝑥, 𝑦, 𝑧) = {𝑟 − 1 + 𝜀, … , 2𝑟 + 𝑧 − 3}. (5)

Thus every integer between these two endpoints is the length of a play, and no other length
is possible.

Proof. If only one type of entry is present, each move chooses two equal entries and
replaces them by one entry of the same value and one entry equal to 1. The number of
entries greater than 1 decreases by exactly one at each move, so the length is 𝑟 − 1.

Suppose that at least two types are present. For each prime 𝑝 ∣ 𝐴, the exponents of 𝑝
on the initial board are either 0 or 𝑣𝑝(𝐴), and at least one equals 𝑣𝑝(𝐴). Their greatest
common divisor is therefore 𝑣𝑝(𝐴). The same argument applies to the primes dividing
𝐵. Since gcd(𝐴, 𝐵) = 1, formula (2) shows that the terminal value is 𝐴𝐵.

Counting moves and obtaining bounds. To distinguish the current counts from the initial
counts 𝑥, 𝑦, 𝑧, write (𝑖, 𝑗, 𝑘) for the numbers of entries of the three types on an intermedi-
ate board. Put 𝐶 = 𝑖 + 𝑗 + 𝑘 and 𝑊 = 𝑖 + 𝑗 + 2𝑘. Thus 𝐶 counts the entries greater than 1,
while 𝑊 assigns weight 1 to each entry equal to 𝐴 or 𝐵 and weight 2 to each entry equal
to 𝐴𝐵. Initially, 𝐶 = 𝑟 and 𝑊 = 𝑊0, where 𝑊0 = 𝑥 + 𝑦 + 2𝑧. At the end only 𝐴𝐵 remains,
so 𝐶 = 1 and 𝑊 = 2.

In the following table, Δ𝐶 and Δ𝑊 denote the value before the moveminus the value
after it. A pair of equal entries can be chosen only if that value occurs at least twice;
every other pair requires at least one entry of each type involved.

Chosen pair New pair New counts Δ𝐶 Δ𝑊
(𝐴, 𝐴) (𝐴, 1) (𝑖 − 1, 𝑗, 𝑘) 1 1
(𝐵, 𝐵) (𝐵, 1) (𝑖, 𝑗 − 1, 𝑘) 1 1

(𝐴𝐵, 𝐴𝐵) (𝐴𝐵, 1) (𝑖, 𝑗, 𝑘 − 1) 1 2
(𝐴, 𝐵) (1, 𝐴𝐵) (𝑖 − 1, 𝑗 − 1, 𝑘 + 1) 1 0

(𝐴, 𝐴𝐵) (𝐴, 𝐵) (𝑖, 𝑗 + 1, 𝑘 − 1) 0 1
(𝐵, 𝐴𝐵) (𝐵, 𝐴) (𝑖 + 1, 𝑗, 𝑘 − 1) 0 1

Let 𝑁 be the total number of moves, and let 𝐻 count the moves that choose (𝐴, 𝐴𝐵) or
(𝐵, 𝐴𝐵). According to the table, 𝐻 moves leave 𝐶 unchanged, and the remaining 𝑁 − 𝐻
moves decrease 𝐶 by one. Since 𝐶 decreases from 𝑟 to 1, we have 𝑁 − 𝐻 = 𝑟 − 1, or

𝑁 = 𝑟 − 1 + 𝐻. (6)

The total decrease in𝑊 is𝑊0 −2. Eachmove counted in𝐻 contributes exactly one to this
decrease, and every other move contributes a nonnegative amount. Hence 𝐻 ≤ 𝑊0 − 2.

If 𝑥, 𝑦 > 0, we can attain 𝐻 = 0. First choose pairs (𝐴, 𝐴) until only one entry equal
to 𝐴 remains, and do the same for the entries equal to 𝐵. Next choose (𝐴, 𝐵), producing
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one entry equal to 𝐴𝐵 and one equal to 1. Every entry greater than 1 now equals 𝐴𝐵;
keep choosing pairs (𝐴𝐵, 𝐴𝐵)until only one such entry remains. This play never chooses
(𝐴, 𝐴𝐵) or (𝐵, 𝐴𝐵), so 𝐻 = 0.

If 𝑦 = 0 and 𝑥, 𝑧 > 0, a sequence with no move counted in 𝐻 can only choose (𝐴, 𝐴) or
(𝐴𝐵, 𝐴𝐵). Such moves always leave at least one entry equal to 𝐴 and at least one equal
to 𝐴𝐵, so the game cannot end. Therefore 𝐻 ≥ 1. The case 𝑥 = 0 and 𝑦, 𝑧 > 0 is similar.
We have proved 𝜀 ≤ 𝐻 ≤ 𝑊0 − 2.
Attaining every integer between the bounds. We use induction on the integer 𝑊0, consid-
ering all boards with at least two types of entries. If 𝑊0 = 2, the board must be (𝐴, 𝐵),
and 𝐻 = 0. Suppose that 𝑊0 > 2 and that the assertion holds for every board in this class
whose initial weight is less than 𝑊0.

If 𝑧 > 0, at least one of 𝑥, 𝑦 is positive. Interchanging 𝐴, 𝐵 and simultaneously inter-
changing 𝑥, 𝑦 if necessary, we may assume that 𝑥 > 0. Choosing (𝐴, 𝐴𝐵) changes the
counts to (𝑥, 𝑦 + 1, 𝑧 − 1). This board contains both 𝐴 and 𝐵 and has weight 𝑊0 − 1. By
the induction hypothesis, the number of subsequent moves choosing (𝐴, 𝐴𝐵) or (𝐵, 𝐴𝐵),
denoted by 𝐻′, attains every value 0, 1, … , 𝑊0 − 3. The move just made is also counted
in 𝐻 , so 𝐻 = 1 + 𝐻′ attains every value 1, … , 𝑊0 − 2. If the initial board contains both 𝐴
and 𝐵, we have already constructed a play with 𝐻 = 0.

If 𝑧 = 0, then 𝑥, 𝑦 > 0 and 𝑥 + 𝑦 = 𝑊0 > 2. Thus at least one of 𝑥, 𝑦 is at least 2; after
interchanging the two types if necessary, assume that 𝑥 ≥ 2. Choose (𝐴, 𝐵) and then
(𝐴, 𝐴𝐵). The counts change as follows:

(𝑥, 𝑦, 0) ⟼ (𝑥 − 1, 𝑦 − 1, 1) ⟼ (𝑥 − 1, 𝑦, 0).

The secondmove is allowed because the first leaves 𝑥−1 ≥ 1 entries equal to 𝐴. Of these
two moves, only the second is counted in 𝐻 . The resulting board still contains both 𝐴
and 𝐵 and has weight 𝑊0 − 1. The induction hypothesis allows 𝐻′ to attain every value
0, … , 𝑊0 − 3, so 𝐻 = 1 + 𝐻′ attains every value 1, … , 𝑊0 − 2. The value 𝐻 = 0 has already
been treated.

Consequently, every integer from 𝜀 to 𝑊0 − 2 is attained. In view of (6), the minimum
length is 𝑟 − 1 + 𝜀, and the maximum length is

𝑟 − 1 + (𝑊0 − 2) = 𝑟 − 1 + (𝑟 + 𝑧 − 2) = 2𝑟 + 𝑧 − 3.

Every integer between these two values is attained, which proves (5).

Corollary 4.2. For every integer 𝑟 ≥ 2 and coprime integers 𝐴, 𝐵 > 1, we have

ℒ( 𝐴, … , 𝐴⏟
𝑟−1 entries

, 𝐴𝐵) = {𝑟, … , 2𝑟 − 2}.

Proof. Here (𝑥, 𝑦, 𝑧) = (𝑟 − 1, 0, 1), so 𝜀 = 1. Substitution in the two endpoints in Theo-
rem 4.1 yields 𝑟 − 1 + 1 = 𝑟 and 2𝑟 + 1 − 3 = 2𝑟 − 2.

For example, the board (2, 2, 6) has (𝑥, 𝑦, 𝑧) = (2, 0, 1), so its set of possible lengths is
exactly {3, 4}. The two plays in the introduction attain these values; the theorem also
rules out every other length. The board (2, 3, 6) has (𝑥, 𝑦, 𝑧) = (1, 1, 1), so its set of possible
lengths is {2, 3, 4}.
Remark. A positive integer is squarefree if it is not divisible by 𝑝2 for any prime 𝑝; for
example, 6 is squarefree, whereas 12 is divisible by 22.

Let 𝑝, 𝑞 be distinct primes. Every squarefree integer greater than 1 with no prime
divisors other than 𝑝, 𝑞 belongs to {𝑝, 𝑞, 𝑝𝑞}. Thus Theorem4.1 classifies all boards formed
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from such integers. If at least two types of entries are present, then Ω(𝑃) = 𝑥 + 𝑦 + 2𝑧 =
𝑟 + 𝑧 and 𝑀 = 𝑝𝑞. The upper bound in Proposition 2.2 is (𝑟 + 𝑧) − 2 + 𝑟 − 1 = 2𝑟 + 𝑧 − 3,
which is exactly the maximum length attained above.

5 The possible lengths need not be consecutive
For the boards considered above, the possible lengths include every integer between the
minimum and maximum. The following example shows that this need not hold for an
arbitrary board. To determine all possible lengths, we consider every type of pair that
can be chosen on the first move. Once the resulting board is known, the total length is
one plus the length of a play from that board.

Theorem 5.1. Let 𝐴, 𝐵 > 1 be coprime integers. Then

ℒ(𝐴2𝐵, 𝐴2𝐵, 𝐴𝐵2) = {3, 5, 6, 7}. (7)

Proof. Set 𝑋 = 𝐴𝐵, 𝑈 = 𝐴2𝐵, and 𝑉 = 𝐴𝐵2. Since gcd(𝐴, 𝐵) = 1, we have gcd(𝑈, 𝑉 ) = 𝑋
and lcm(𝑈, 𝑉 ) = 𝑋2. Thus the pair (𝑈, 𝑉 ) is replaced by (𝑋, 𝑋). Also, 𝑋 ∣ 𝑈 and 𝑈/𝑋 = 𝐴,
so the pair (𝑋, 𝑈) is replaced by (𝑋, 𝐴). The plays from these two pairs are

(𝑈, 𝑉 ) ⟼ (𝑋, 𝑋) ⟼ 𝑋,
(𝑋, 𝑈) ⟼ (𝑋, 𝐴) ⟼ (𝐴, 𝐵) ⟼ 𝑋.

Each play is uniquely determined, since at every stage before termination there are only
two entries greater than 1. Hence 𝑁(𝑈, 𝑉 ) = 2 and 𝑁(𝑋, 𝑈) = 3.

By Theorem 4.1, with (𝑥, 𝑦, 𝑧) = (1, 0, 2), the possible lengths from (𝐴, 𝑋, 𝑋) are {3, 4, 5}.
Consider the board (𝑋, 𝑋, 𝑈). If the first move selects the two entries 𝑋, the resulting

board is (𝑋, 𝑈), so the total length is 1 + 3 = 4. If the first move selects 𝑋 and 𝑈 , this pair
is replaced by (𝑋, 𝐴), while the unselected entry 𝑋 remains unchanged. The resulting
board is (𝐴, 𝑋, 𝑋). The possible remaining lengths are exactly 3, 4, 5, so the possible total
lengths are exactly 4, 5, 6. These are all possible types of first move. Therefore

ℒ(𝑋, 𝑋, 𝑈) = {4} ∪ {4, 5, 6} = {4, 5, 6}.

Finally, consider (𝑈, 𝑈, 𝑉 ). Selecting the two entries 𝑈 on the first move leaves (𝑈, 𝑉 ), so
the total length is 1 + 2 = 3. Selecting 𝑈 and 𝑉 on the first move leaves (𝑋, 𝑋, 𝑈), so the
possible total lengths are exactly 5, 6, 7. There is no other type of pair to select, which
proves (7).

Example 5.2. Take 𝐴 = 2 and 𝐵 = 3. Then ℒ(12, 12, 18) = {3, 5, 6, 7}. Plays of lengths
three and five are

(12, 12, 18) ⟼ (12, 18) ⟼ (6, 6) ⟼ 6,
(12, 12, 18) ⟼ (12, 6, 6) ⟼ (12, 6) ⟼ (6, 2) ⟼ (2, 3) ⟼ 6.

There is no play of length four, as follows from the exhaustive analysis of the first move
in the proof above. Three is the smallest number of initial entries for which this phe-
nomenon can occur, since a board with two entries has only one possible length.

For boards of the form in the next lemma, we can construct a new board whose pos-
sible lengths are obtained by adding the same integer 𝑘 to every possible length of the
original board. For a set of integers 𝑆, write 𝑘+𝑆 = {𝑘+𝑛 ∶ 𝑛 ∈ 𝑆}; this is the set obtained
by adding 𝑘 to each element of 𝑆. For example, 2 + {3, 5} = {5, 7}. The lemma does not
require a coprimality assumption.
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Lemma 5.3. Let 𝐴, 𝐵 > 1, 𝑠 ≥ 1, and 𝑘 ≥ 0 be integers. Then

ℒ(𝐴, … , 𝐴⏟
𝑠 entries

, 𝐴𝑘𝐵) = 𝑘 + ℒ(𝐴, … , 𝐴⏟
𝑠 entries

, 𝐵). (8)

Proof. For 𝑘 = 0, the two sides are the same set of possible lengths. Suppose 𝑘 > 0. Mark
the entry 𝐴𝑘𝐵 to distinguish it from the other entries. While the marked entry has value
𝐴𝑗𝐵, with 𝑗 ≥ 1, it is greater than 𝐴, and every unmarked entry greater than 1 equals 𝐴.
Hence every move during this part of the play has one of the two forms

(𝐴, 𝐴) ⟼ (𝐴, 1) or (𝐴, 𝐴𝑗𝐵) ⟼ (𝐴, 𝐴𝑗−1𝐵).

In the second case, 𝐴 ∣ 𝐴𝑗𝐵, so the gcd is 𝐴; we retain the mark on the entry 𝐴𝑗−1𝐵.
At least one unmarked entry 𝐴 always remains. Indeed, a move of the first type re-

quires two such entries and leaves one, while a move of the second type preserves their
number. Thus, while 𝑗 > 0, there are at least two entries greater than 1, so the play has
not ended. By Theorem 2.1, every play ends after finitely many moves. The marked en-
try must therefore reach the value 𝐵. Only moves of the second type decrease 𝑗, each
by exactly one. Consequently, exactly 𝑘 such moves occur before the marked entry first
becomes 𝐵.

Consider any play of length 𝑁 from the board on the left of (8). Suppose that 𝑡 moves
selecting two unmarked entries 𝐴 occur before the marked entry becomes 𝐵. At the
moment it reaches 𝐵, the board has 𝑠 − 𝑡 unmarked entries 𝐴 and one marked entry 𝐵.

Now start a new play from 𝑠 entries 𝐴 and one marked entry 𝐵. Repeat those 𝑡 moves
selecting two entries 𝐴. They remain legal, since the moves involving the marked entry
in the original play did not change the number of unmarked entries 𝐴. After these 𝑡
moves, the new board also has 𝑠 − 𝑡 entries 𝐴 and the marked entry 𝐵. Continue with
the remaining moves of the original play. The new play has length 𝑁 − 𝑘, since exactly
the 𝑘moves that decreased 𝑗 have been omitted. This argument also applieswhen𝐵 = 𝐴,
because the marked entry is distinguished from the other entries 𝐴.

Conversely, suppose a play of length 𝑛 starts from 𝑠 entries 𝐴 and one entry 𝐵. Start
instead with the marked entry 𝐴𝑘𝐵, and use one of the 𝑠 entries 𝐴 to make 𝑘 consecutive
moves of the second type. Each move retains the selected entry 𝐴, so all 𝑘 moves are
legal. The marked entry now equals 𝐵, and we append the given play of length 𝑛. The
total length is 𝑘 + 𝑛.

These two constructions prove both inclusions in (8).

Corollary 5.4. Let 𝐴, 𝐵 > 1 be coprime integers, and set 𝑈 = 𝐴2𝐵 and 𝑉 = 𝐴𝐵2. For every
integer 𝑘 ≥ 0,

ℒ(𝑈, 𝑈, 𝑈𝑘𝑉 ) = {𝑘 + 3, 𝑘 + 5, 𝑘 + 6, 𝑘 + 7}.
Consequently, for every integer ℓ ≥ 4, there is a board with three entries that admits plays
of lengths ℓ − 1 and ℓ + 1, but no play of length ℓ.

Proof. Apply Lemma 5.3 with 𝑠 = 2 and with 𝑈, 𝑉 in place of 𝐴, 𝐵. Then Theorem 5.1
yields

ℒ(𝑈, 𝑈, 𝑈𝑘𝑉 ) = 𝑘 + ℒ(𝑈, 𝑈, 𝑉 )
= 𝑘 + {3, 5, 6, 7}
= {𝑘 + 3, 𝑘 + 5, 𝑘 + 6, 𝑘 + 7}.

For ℓ ≥ 4, take 𝑘 = ℓ − 4 ≥ 0. The set above becomes {ℓ − 1, ℓ + 1, ℓ + 2, ℓ + 3}, which
contains ℓ − 1 and ℓ + 1 but not ℓ.
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For example, take 𝐴 = 2, 𝐵 = 3, and 𝑘 = 2. Then 𝑈 = 12, 𝑉 = 18, and 𝑈𝑘𝑉 = 2592, so
ℒ(12, 12, 2592) = {5, 7, 8, 9}.

6 Two further questions
The example (12, 12, 18) uses numbers divisible by the square of a prime. We may ask
what happens when all initial entries are squarefree, meaning that no prime square
divides any of them. This condition is preserved by every move: the exponent of each
prime is either 0 or 1, and replacing (𝑢, 𝑣) by (min(𝑢, 𝑣), |𝑢 − 𝑣|) leaves both exponents in
{0, 1}.

In this case, a number is determined by its set of prime divisors. If two numbers corre-
spond to sets𝑆, 𝑇 , their gcd corresponds to𝑆∩𝑇 , while the secondnewentry corresponds
to

𝑆 △ 𝑇 = (𝑆 ∖ 𝑇 ) ∪ (𝑇 ∖ 𝑆).
The set 𝑆 △ 𝑇 is called the symmetric difference: it consists of the elements belonging to
exactly one of 𝑆, 𝑇 . For example, the pair (6, 15) is replaced by (3, 10). The corresponding
sets of prime divisors change from {2, 3}, {3, 5} to {3}, {2, 5}.

Try it yourself.
(a) Starting from (6, 10, 15), how many moves can a play take? Find all possible lengths

and explain why your list is complete.
(b) Write 6 = 2 ⋅ 3, 10 = 2 ⋅ 5, and 15 = 3 ⋅ 5. Replace 2, 3, 5 by distinct primes 𝑝, 𝑞, 𝑟,

respectively. What does your argument in part (a) tell you about ℒ(𝑝𝑞, 𝑝𝑟, 𝑞𝑟)?
Hint. Which number occurs twice on the board after the first move?

Each entry of (𝑝𝑞, 𝑝𝑟, 𝑞𝑟) is the product of two of the three primes. We now ask what
happens if we assume only that every initial entry is squarefree.

Question 6.1. If all initial entries are squarefree, must ℒ(a) consist of consecutive inte-
gers?

Theorem 4.1 answers this affirmatively when the product of the initial entries has at
most two distinct prime divisors. The question asks what happens when more distinct
prime divisors occur.

For arbitrary boards, Corollary 5.4 produces an integer ℓ that is not a possible length,
although both ℓ − 1 and ℓ + 1 are possible lengths. The integer ℓ can be arbitrarily large,
but this family omits only one integer between two attainable lengths. This leads to a
question about omitting several consecutive integers.

Question 6.2. For every integer ℎ ≥ 1, is there a board a such that ℒ(a) contains two
elements 𝑢 < 𝑣 with 𝑣 − 𝑢 − 1 ≥ ℎ, but contains no integer strictly between 𝑢 and 𝑣?

Here 𝑣−𝑢−1 is the number of integers 𝑢+1, … , 𝑣−1. The question requires both 𝑢 and
𝑣 to be attainable lengths, with at least ℎ consecutive unattainable lengths between them.
Lemma 5.3 adds the same integer to every possible length and therefore preserves the
differences 𝑣−𝑢. Thus it does not answer the question of whether the number of omitted
integers can increase without bound.
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