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Abstract

Xuét phat tir Bai 1 IMO 2026, chting t6i nghién cttu s6 buéc ctia qua trinh thay hai sé
m,n > 1 bang gcd(m,n) valem(m, n)/ gcd(m,n). Véi hai s6 ban dau, s6 budc dugce tinh
bang cac thuat toan Euclid trén s6 mii cda tirng sé nguyén to. Vi A, B > 1 nguyén to
cung nhau, chung t6i xac dinh toan bd sé budc co thé xay ra khi cac sé ban dau thudc
{A, B, AB}. Tap s06 buéc nay luén gom céc s6 nguyén lién tiép va cé cong thirc twong
minh cho gia tri nhé nhat, 16én nhat. Tuy nhién, bang (A%B, A2B, AB?) c6 tap s6 budc la
{3,5,6,7}. V61 moi s6 nguyén ¢ > 4, chung tdi con xay dung mot bang co6 cac qua trinh
gom ¢ — 1 va ¢ + 1 buéc, nhung khong c6 qua trinh gom ¢ budc.

T khéa. Uéc chung 16n nhat; bdi chung nhé nhat; thuat toan Euclid; bat bién; sé budc.

1 Introduction

Bai 1 IMO 2026 xét mot bang gom 2026 s6 nguyén 16n hon 1. M6i budc, ta chon hai s6
m,n > 1, X6a chung va viét vao hai vi tri &y hai s6

lem(m,n)

ged(m,n)’ @

ged(m,n) va
O day, gcd(m, n) va lem(m, n) 1an luwgt 1a wéc chung 16n nhat (UCLN) va boi chung nhé
nhat (BCNN) cta m,n. Hai s6 duwgc chon phdi ¢ hai vi tri khac nhau, nhung c6 thé cé
cung gid tri. Cac s6 1 khong dugc chon. Ta tiép tuc thyce hién cac budc cho dén khi khong
con hai s6 16n hon 1 trén bang.

Dé bai yéu cau chitng minh rang moi cach chon déu dan dén mot bang cé dung mot
$0 16n hon 1, va s6 nay khong phu thugc vao nhitng cap da chon; xem [1]. K&t ludn van
dung khi thay 2026 bang mot s6 nguyén » > 2. Bat bién trén s6 mi ctia cac s6 nguyén t6
va cong thirc cho so cudi cung da cé trong cac 1oi gidi cia Chen [2] va Bado [3]. Pailugng
gidm dung dé ching minh sy két thuc trong Muc 2 ciing dd dugc trinh bay trong [3].

S0 cudi cung khong phu thudc vao cach chon cap. Véi bang (2,2,6), ban c6 tim dugc
hai van c6 s6 budc khac nhau khong? Hay thtt choi mot van bat dau bang hai so 2, roi
choi lai tr dau, 1an nay chon 2 va 6 trudec.

Khi ghi hai van dudi day, ta bé cac s6 1 va khong xét thir tu cac s6 con lai, nhung van
ghi dd s6 1an xudt hién ciia moi s6. M6i mii tén biéu dién mot budc:

(2,2,6) — (2,6) —> (2,3) — 6,
(2,2,6) — (2,2,3) — (2,6) — (2,3) — 6.
Ca hai van déu két thuc & 6, nhung van thi nhat c6 ba buéc, con van thit hai c6 bon budc.

V6i mot bang ban dau cho trwdc, nhitng s6 budc nao co thé xay ra?
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Ky hiéu <£(a) 1a tap cac s6 budc co thé xay ra khi choi tir bang a = (ay, ..., a,) cho dén
khi khong con cdp nao dugc phép chon. Hai van trén cho thay 3,4 € £(2,2,6), nhung
chualoai trit nhirng s6 budc khac. Bai viét xac dinh toan b tp £(a) trong mot s6 truong
hgp. Néu bang chi cé mot sé a > 1, ta dat £(a) = {0}, vi khong can thyc hién budc nao.

Trudng hop hai s6 dan dén thuat toan Euclid bang phép trir. S6 budc cia thuat toan
ay bang tong cac thuwong trong thuét toan Euclid théng thuwong; day la mot két qua co
dién, xem [4]. Do dai ctia thuat toan bang phép trir cling dugc nghién cttu trong [5]. Pinh
1y 3.3 két hgp cac s6 budc &ng vdi titng s6 nguyén to dé tinh s6 budc cta tro choi.

boi v6i nhiéu so6, chung toéi xét cdc bang c6 phan t& thudc {A, B, AB}, véi A, B > 1va
gcd(A, B) = 1. Moi s6 16n hon 1 dugc tao ra van thudc tip nay. Pinh ly 4.1 x4c dinh toan
b0 tap s6 budc cuia cac bang dy. Pinh 1y 5.1 sau d6 cho mot bang cé tap s6 budc khong
gom cdac s0 nguyeén lién tiép; B6 dé 5.3 ma rong vi du nay thanh mot ho vo han.

Ky hiéu vé s6 mii. V6i s6 nguyén t6 p va s6 nguyén duwong ¢, ky hiéu v, () 1a s6 mi caa p
trong phan tich cta ¢ ra thira s6 nguyén t6. Néu p khong chia ¢ thi v (#) = 0. Chang han,
tr 72 = 2%+ 32, ta €0 v,(72) = 3, v,(72) = 2 Va v5(72) = 0. Pat Q(t) = - v,,(t), trong d6 tong
1ay trén céc s6 nguyén t6. Chi c6 hitu han s6 hang khdc 0. Nhu vay Q(¢) dém s6 thira s6
nguyén to cla ¢, tinh ca s6 1an 1dp; vi du Q(72) = 5.

Ta dung v,(1) = Q(1) = 0. Viv,(ab) = v, (a) + v,(b), ta cd Q(ab) = Q(a) + 2(b). Ngoai ra,
gcd(u,0) = u vGi u > 0; do d6 thém cac s6 0 khong lam thay doi UCLN ctia mot b sé. Ta
quy udc ged(0,...,0) = 0.

S

2 Gia tri cudi cung véa chén sé budc

Chudng t6i nhéac lai 101 gidi biang s6 mii cua cac s6 nguyén té dé nguoi doc co thé theo doi
ma khong can tra cac 101 gidi khac. Cac 1ap luan co ban trong dinh ly sau da cé trong
[2, 3].

Pinh 1y 2.1. Cho cdc s6 nguyén a,, ...,a, > 1, véir > 2. Moi qud trinh déu két thic sau
hitu han buéc véi diing mot s6 M > 1. bt P = a; -+ a,. Khi dé

M — H ngd(Up<a1) 7777 U;/)(""r‘))7 (2)
pIP

trong do tich ldy trén cdc s6 nguyén to chia P. Vi thé M khong phu thudc vao cdch chon
cap.

Chitng minh. Trudc hét, ta chitng minh qua trinh két thuc. Trong chitng minh nay, van
gitt cac s6 1 khi ghi bdng b = (b,,...,b,). Pat P(b) = b, ---b,, va goi C(b) 1a s6 phan t& 16n
hon 1 trén bang.

Gia st mot budc chon m,n > 1, va dat d = gcd(m,n). Do ged(m, n) lem(m, n) = mn, hai
s0 mdi la d va mn/d?. Hai s6 bi x6a c6 tich mn, con hai s6 mdi cé tich mn/d. Cac s6 khac
khéng doi, nén tich trén bang duwoc chia cho d. Theo tinh chét cong cda Q, dai luong
Q(P(b)) gidm dung Q(d).

Néu d = 1, cdp méila (1,mn), nén C gidm mot. Néu d > 1, dai lugng Q(P(b)) gidm it
nhdt mot, con C khong tang. Vi vay, sau méi budc, s6 nguyén khong am

o(b) =Q(P(b)) + C(b)
gidm it nhat mot. Mot s6 nguyén khong &m khong thé gidm nhw vay vo han 1an, nén qua

trinh phai két thuc.
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Khi két thic, bang con nhiéu nhat mot s6 16n hon 1; néu con hai sé nhu vay thi van
¢4 thé chon ching. Mit Khac, tich ctia hai s6 mdi luén bing lem(m, n) > 1, nén moi bude
van dé lai it nhat mot s6 16n hon 1. Do d6 bang cudi cé dang (M, 1,...,1), voi M > 1.

Ta tiép tuc tim M bing mot bdt bién, tic 1a mot dai lwgng khong thay déi sau moi
budgc. C6 dinh mot s6 nguyén t6 p, va ddt u = v,(m), v = v,(n). S6 mil cla p trong UCLN
1a min(u, v), con trong BCNN la max(u, v). Vivay s6 mii ciia p trong hai sé6 méi lan lugt 1a

min(u,v) va max(u,v) —min(u,v) = |u—v|.

Ta c6 ged(u, v) = ged(min(u, v), lu—v|): néuw > v thi dayla dang thie ged(u, v) = ged (v, u—
v). Cac s6 mi tai nhitng vi tri khong dugc chon gilt nguyén. Do dé

ged(v,(by), ..., v,(b,.))
1a bat bién. Tai bang cudi, cdc s6 mii 1a v,(M),0, ..., 0, c6 UCLN bang v,(M). Suy ra

v, (M) = ged(vy(ay), ..., v,(a,)).

Mobi s6 mdi déu la wdc ctia mn, nén mot s6 nguyén t6 khong co trong bang ban dau ciing
khong thé xudt hién veé sau. Dang thic (2) suy ra. O

Chéng han, vGi bang (12,12, 18), cac s6 mii cha 2 1a (2,2,1), con cac s6 mii cla 3 1a
(1,1,2). Cad hai b c6 UCLN bang 1. Vi khong c6 s6 nguyén t6 khac xudat hién, s6 cudi cung
luénla2 -3 =6.

Hai dai lugng C va @ con cho chdn duédi va chan trén cta s6 budc. Chan dudi la mot
s0 ma moi s6 budc déu khong nhoé hon; chan trén duwgc hiéu twong tu.

Ménh dé 2.2. Giit cdc ky hiéu ctia Pinh ly 2.1. Néu m{t qud trinh gom N budc thi
r—1<N<QP)—QM)+r—1. 3)
Ddu bdng bén trdi xdy ra khi va chi khi moi cap dwoc chon gom hai s6 bdng nhau hodc hai

s6 nguyén to cung nhau. Dau bdng bén phdi xdy ra khi va chi khi méi cdp dugc chon gom
hai s6 nguyén té cung nhau, hodc hai so khdc nhau cé UCLN la m{t s6 nguyén to.

Chitng minh. Pat d = gcd(m,n) cho mot budc chon m,n. Néu d = 1, cap mdi la (1, mn).
Néu m = n, cdp mdila (m,1). Trong ca hai truong hop, C gidm mot. Trong trudong hop
con lai, d > 1 va m # n. Khi d6é lem(m,n) > d, nén ca hai s6 mgi déu 16n hon 1, va C
khong doi.

Nhu vay moi budc lam € gidm nhiéu nhat mot. Vi C gidm tir » xudéng 1, phai co it nhat
r — 1 budc. S6 budce bang » — 1 khi va chi khi méi budc déu lam ¢ gidm mot, tite 1a khi
moi cdp dugc chon bang nhau hodc nguyén t6 cung nhau.

Dé xét chan trén, ky hiéu A 1a d gidm trong mot budc, nghia la gia tri trudc bude triv
gid tri sau budc. Tu phép tinh trong chirng minh binh 1y 2.1, ta dugc bang sau.

Truong hop AQ(P(b)) AC AD

d=1 0 1 1
m=n Q(m) 1 Qm)+1
d>1,m#n Q(d) 0 Q(d)

MO6i do giam ctia ® it nhit bang 1. Gia tri ban dau va cudi cung cta & 1an lugt1a Q(P) +r
vaQ(M)+ 1, nén

N < (QUP) +71) — (M) +1).
Diu bang xay ra khi va chi khi moéi budc lam @ gidm dung mot. Trong hang thit hai cla
bang, Q(m)+1 > 2vim > 1. Trong hang th ba, (d) = 1 khi va chi khi d 1a s6 nguyén té.
biéu nay cho ding diéu kién & phat biéu. O
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3 So6 budc khi bang ¢6 hai sé

Khi badng ban dau chi c6 hai s6 m, n > 1, tai moi budc chwa két thuc chi c6 mot cap duoc
phép chon. Do dé £(m,n) chi c6 mdt phan t&; ky hiéu s6 buwdc dy 1a N(m,n). Phép bién
d6i cac s6 mii trong chitng minh trén dan dén thuat todn Euclid bing phép trir.

Trong thuét todn nay, moéi budc gitt lai s6 nho hon va thay s6 16n hon bang hiéu cta
hai s6. Ta dirng khi mot s6 bang 0. Cu thé, dat F(u,v) = (min(u, v), |[u — v|) véi u, v 1a cac
s0 nguyén khong am. Ky hiéu FV(u,v) la cdp nhan dugc sau jlan lién tiép ap dung F, véi
FO(u,v) = (u,v).

Bo6 dé 3.1. Cho (u,v) # (0,0). Goi s(u,v) la sé lan dp dung F cho dén khi lan dau moét thanh
phan bdng 0; néu ngay tir dau wv = 0 thi dat s(u,v) = 0. Khi do s(u,v) hitu han.
bt g = ged(u,v) va s = s(u,v). Néu s > 0 thi

F*(u,v) = (g,0) va F'(u,v)=(0,9)voimoit > s+ 1.
Néu s = 0 thi Ft(u,v) = (0,g) vdimoit > 1.

Chitng minh. Khi ca hai thanh phan déu duong, tong ctia chung gidm sau moi budc, béi
min(u,v) + |u —v| = max(u,v) < u+v. Tong ay 1la mdt sé nguyén khong &m, nén sau hitu
han budc phai c6 mdt thanh phan bang 0.

UCLN cua hai thanh phan dugc gitt nguyén qua F. Néu s > 0, ngay trudc budce thit s
ca hai thanh phan con duong. Thanh phan thi nhat sau budc nay la gia tri nhé hon cda
hai s6 duwong 4y, nén van dwong. Vi thé thanh phan th hai mdi 1a thanh phan bang 0.
Cap thu dwoc cé UCLN bang g, nén phaila (g, 0).

Tac6 F(g,0) = (0,g9) va F(0,g) = (0, g). Do d6 sau mot lan &p dung F nita, cap tré thanh
(0,¢) va gitt nguyén & moi lan sau. Néu s = 0, cdp ban dau la (g,0) hodc (0, g), nén hai
dang thirc nay ciing cho két luén. O

Theo quy wdc vira néu, phép bién doi (g, g) — (g,0) dwgce tinh 1a mdt budc. Piéu nay
gii thich vi sao cong thitc sau phai tinh ca thuwong cta phép chia cuéi cung. Cong thirc
ay la két qua co6 dién vé thuat todn Euclid bang phép trir; xem [4].

Bo6 dé 3.2. Cho u,v la hai s6 nguyén duong. Néu q,, ..., q, la cdc thwong trong thudt todn
Euclid dp dung cho max(u,v) va min(u,v), ké cd thuong trong phép chia cudi cling cé so
dw bdng 0, thi

s(u,v) =g+ +q.

Chitng minh. Vi F(u,v) = F(v,u), ta c6 s(u,v) = s(v,u) va c6 thé gid st u > v. Viet u =
qu + w, vOi 0 < w < v. Trong ¢ budc dau, moi buwdc trir v Khoi s6 con lai. That vay, sau
j < glan tru, s6 con lai la u — jv > v; sau dung ¢ lan trt, s6 con lai la w. Vi thé cdp sau q
budcla (v, w).

Néu w = 0, thuat todn két thuc sau dang ¢ budc. Néu w > 0, con phai thyc hién s(v, w)
buéc. Trong ca hai truong hop,

s(u,v) = q+ s(v,w), V0i s(v,0) = 0.

Ap dung déng thitc nay 1an lugt cho céc phép chia cta thuat todn Euclid, méi thuwong
déng gép dung so phép trir twong &ng, nén tong s6 bude bang ¢, + - + g. O

Chéng han, cicphépchia8=2-3+2,3=1-2+1va2=2-1chos(8,3) =2+1+2=5.
Nam buéc bang phép trir la

(8,3) — (3,5) — (3,2) — (2,1) — (1,1) +— (1,0).
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Khi tré lai tro choi, can luwu y rang mot sd bang 1 khi va chi khi moi sé6 mii cia n6 déu
bang 0. Viéc moi cap s6 mi da c6 mot thanh phan bang 0 chwa di dé két thuc: cac thanh
phan bang 0 &y phai cung thudc mot s6 trén bang. Chang han, véi cép (2,3), s6 mi cta 2
bang 0 ¢ s6 th hai, con s6 mii ciia 3 bang 0 ¢ s6 thi nhat; cd hai s6 van 16n hon 1.

Pinh 1y 3.3. Cho hai s6 nguyén m,n > 1. Vi méi s6 nguyén t6 p | mn, ddt

s, = s(v,(m),v,(n)) va K =maxs,.

plmn
Khi do
K, néu K >0vas, = K véi moi ,
N(m,n) = L 0vas, = K vormotp fmn @
K +1, trong cac truwong hop con lai.

Chitng minh. O méi budrc, ta viét UCLN & vi tri thi nhat. Dat (m,,n,) = (m,n) va Xac
dinh cac cdp tiép theo béi
m.n.;

_ b _ J -
mj = ged(my,n;) va nj, = W’ J=0.

Ta van c6 thé dung cong thirc nay khi mot s6 di bang 1. Khi dém budc cla tro choi, ta
?}ﬁig tai chi s0 dau tién j ma m; = 1 hodc n; = 1; cac cap sau do chi giup theo ddi cong

V6i mbi p | mn, ddt g, = ged(v,(m), v,(n)). It nhdt mot trong hai s6 mi dwong, nén
g, > 0. Phép bién d6i cac s6 mii cho

(vp(mj+l)7vp(nj+l)> = F(Up(mj)7”p(nj))~

Do d6 B6 dé 3.1 mo ta vi tri cac s6 m{ bang 0 & moi budc. Khong cé s6 nguyén to ngoai
cac wdc nguyén té cia mn xudt hién.

Néu K = 0,tacé s, = 0véimoip | mn, nghiala moisé nguyén t6 chi chia mot trong hai
s0 m,n. Vivay gcd(m,n) = 1, va ngay buéc dau cho (1, mn). Suyra N(m,n) =1= K + 1.

Gid sit K > 0. C6 m0t s6 nguyén t6 p v6i s, = K. Trudc budc thit K, ca hai s6 mi cua
p con duong; vi thé ca hai s6 trén bang van 16n hon 1. Qud trinh chua thé két thuc trudc
budc tht K.

Néu s, = K v6i moi p | mn, B6 dé 3.1 cho cdp s6 mil (g,,0) tai buéc thit K, v6i moi p.
Nhu vdy moi s6 mi clia n, déu bang 0, nén n,, = 1va N(m,n) = K.

Con lai truong hgp c6 mot s6 nguyén t6 ¢ v6is, < K. Néus, > 0thi K > s, + 1; néu
s, = 0thi K > 1. Trong cd hai truong hop, Bo dé 3.1 cho cap sé mil clia ¢ tai budc thit K
12 (0, g,). VIVay q | ng, nén ny > 1. Trong khi d6, mot s6 nguyén té p cd s, = K van chia
My, NN my > 1.

Tai budc th K, v6i m6i s6 nguyén t6, mot trong hai s6 mi dd bang 0. Do do
ged(my,n,) = 1. Buwdc ti€p theo cho cap (1,myny) va két thuc qud trinh. Suy ra
N(m,n) = K + 1. O

Nhan xét. V&i mot s6 nguyén to p va cac s6 nguyén duong a, b, chi c6 mdt cap s6 mi can
xét. Do dé N(p®,p®) = s(a,b), va s6 budc bang tong cac thwong trong thuat toan Euclid
ap dung cho a, b.
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Vi du 3.4. V6i (m,n) = (6,12), cdc cdp s6 mi cda 2 va 3 lan lugt 1a (1,2) va (1,1), nén
s, = 2Va sy = 1. Vi K = 2 nhung hai gid tri s,, s; khdc nhau, ta c6 N(6,12) = 3. BAng sau
ghi cac cap s6 mi theo dung thi ty cla hai sé trén bang.

Sau sd buéc Capsotrénbang S6miicda2 S6 mi cda3

0 (6,12) (1,2) (1,1)
1 (6,2) (1,1) (1,0)
2 (2,3) (1,0) (0,1)
3 (1,6) (0,1) (0,1)

Sau hai budc, moi cip s6 mi da cé mot s6 0, nhung ching ndm & hai vi tri khac nhau.
Sau ba budc, moi s6 mi & vi tri th nhat méi cung bang 0.

V6i (m,n) = (12,18), cdc cdp s6 mii cia 2 va 31a (2,1) va (1,2), cung can hai budge. Lan
nay N(12,18) = 2, va quad trinh l1a

(12,18) — (6,6) — (6,1).

4 Phan loai cdc bang géom baloai sé

Cho A, B > 1 v6i gcd(4, B) = 1. Ta xét bang c6 = s6 bang A, y s6 bang B va z s6 bang
AB, roi ky hiéu tap s6 buéc cia bang nay la £, s(z,y, z). Mot s6 lugng bang 0 nghia la
loai s6 4y khong xudt hién. Chang han, v6i A = 2, B = 3, bang (2,2,6) twong ung véi
(x,y,2) = (2,0,1).

Céc s6 16n hon 1 dugc tao ra van thudc {4, B, AB}. Chang han, do gcd(A, AB) = Ava
lcm(A, AB) = AB, cap (A, AB) dugc thay bang (A, B). S6 1an xuat hién ctia A khéng doi,
cla B tang mot, con cua AB gidm mot. Nhitng phép chon khac dugc ghi day da trong
bang & chitng minh dwdi day.

Pinh 1y 4.1. Cho cdc s6 nguyén A, B > 1 nguyén to cung nhau, va cdc soé nguyén x,y, z > 0
VOir =x +y+ 2z > 2. Néu chi mot trong ba so x, vy, = khdc 0 thi

£A7B(xa Y, Z) - {T - 1}

Néu it nhat hai trong ba so x,y, z khdc 0, ddt

0, néux>0vay >0,
€= . .
1, néuz>0vazxzy=0.

Khi dé so cudi cung la AB, va
£A7B($,y,2’>:{T—1+€,...,2T+Z—3}. (5)

NG6i cdch khdc, moi s6 nguyén gitta hai dau mut dda néu déu la so6 budc ctia mot qud trinh,
va khong c6 s6 budc nao khdc.

Chitng minh. Néu chi c6 mot loai s6, moi budc chon hai s6 bang nhau va thay ching
bang mot s6 cung gia tri va mot s6 1. SO phén t 16n hon 1 gidm dung mot sau moi budc,
nén sd buwdc bang r — 1.

Gia st 6 it nhat hai loai s6. V&i moi s6 nguyén té p | A, cac s6 mi cda p trén bang ban
dau bang 0 hodc v,(A), va c6 it nhat mot s6 mii bang v,(A). Vivay UCLN cta chung bang
v,(A). Lap ludn tuwong ty dp dung cho cac s6 nguyén t6 chia B. Do gcd(A, B) = 1, cdng
thtrc (2) cho s6 cu6i cung la AB.
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Dém s6 budc va tim cdc chan. Dé phan biét vdi cac sé lwgng ban dau z,y, z, viét (i, j, k)
cho cac so lvgng tai mot bang trung gian. PatC =i+ j+kva W =i+ j+ 2k. Nhu vay C
dém cac s6 16n hon 1, con W dugc tinh bang cach cho moi s6 A, B trong sd 1 va moi s6
AB trong s6 2. Tai bang ban dau, C = rva W = W,, v6i W, = = + y + 22. Tai bang cu6i
chicon AB,nénC =1vaw = 2.

Trong bang duéi day, AC va AW 1a gia tri trude budc trir gia tri sau budc. Mot cap
gom hai gia tri bang nhau chi dwoc chon khi gia tri ay xudt hién it nhat hai 1an; cac cap
con lai can it nhat mot s6 ciia moi loai.

Capchon Capméi BOsOlugngmdéi AC AW

(A A) (A, 1) (1—1,7,k)
(B, B) (B,1) (i,j—1,k)
(AB,AB) (AB,1) (i,7,k—1)

(A,B)  (1,AB) (i—1,j—1k+1)
(B,AB) (B, A) (i+1,5,k—1)

OO = ==
== O N ==

Goi N 1a téng s6 budc, va H 1a s6 budc chon (A4, AB) hodc (B, AB). Theo bang, cé H budc
gitt nguyén C, con N — H budc lam C gidm mot. Vi C gidm twr xuéng 1,tacé N—H = r—1,
hay

N=r—1+H. (6)

Tong do gidm cta W la W, — 2. M6i budc dugc tinh vao H dong gép ding mot vao tong
nay; moi buéc khac déng gép mot sé6 khong &m. Do dé H < W, — 2.

Néu =,y > 0, ta c6 thé dat H = 0. Truwdc hét chon céc cap (A, A) cho dén khi chi con
mot s6 A, roi lam tuwong ty vdi cac sd B. Tiép theo chon (A, B), tao ra mot s6 AB va mot
s0 1. Luc nay moi s6 16n hon 1 déu bang AB; tiép tuc chon cac cap (AB, AB) dén khi chi
con mot s6. Qua trinh dy khong dung cdp (A, AB) hay (B, AB), nén H = 0.

Néuy = 0va z,z > 0, mOt qua trinh khéng cé budc dugc tinh vao H chi c6 thé chon
(A, A) hoac (AB, AB). Nhitng phép chon nay luén dé lai it nhat mot s6 A va it nhat mot
s0 AB, nén chua thé két thuc. Vivay H > 1. Truong hop 2 = 0 va y, z > 0 duwgc chitng
minh twong tu. Ta thu dugce < H < W, — 2.

Chitng minh moi gid tri gitta hai chdn déu dat dwoc. Ta quy nap theo s6 nguyén W, cho
tat ca cac bang cd it nhat hai loai s6. Néu W, = 2, bang chi c6 thé 1a (A, B), va H = 0. Gia
st W, > 2 va khang dinh da ddng véi moi bang thudc 16p dang xét c6 trong s6 ban dau
nhé hon W,

Néu z > 0, it nhat mdt trong hai s6 =,y duong. Déi tén A, B va déng thoi déi z,y néu
can, ta gid st # > 0. Chon (4, AB) duwa b s6 lwong vé (z,y + 1,z — 1). BAng nay c6 ca A
1an B va trong s6 bang W, — 1. Theo gia thiét quy nap, s6 budc dugc dém theo hai loai
(A, AB), (B, AB) trong phan con lai, ky hiéu H’, nhan moi gid tri 0, 1, ..., W, — 3. Budc vira
thyc hién cling dugc tinh vao H, nén H = 1+ H’ nhdn moi gid tri 1, ..., W, — 2. Néu bang
ban dau cé ca A va B, gid tri H = 0 dad dugc xay dung & trén.

Néu:=0,tacoéz,y >0vaz+y=W,> 2 Dodé it nhat mot trong hai s6 z,y khong
nho hon 2; d6i tén hai loai s6 néu can dé c6 x > 2. Chon (A, B) roi chon (A, AB). Cac bd
s0 lugng lan lugt la

(fL‘,y,O) — <£C-1,y—1,1) — (-T—].,y70)

Budc thi hai thye hién dwgc vi sau bude dau van con = — 1 > 1 s6 A. Trong hai budc,
chi budc thit hai dugc tinh vao H. Bang sau hai buéc van cé cd A va B, va trong s6 bang

Timilam todn. Ddc Idp suy nghi. cunghoctoan.com - cunghoctoan.net o7/1


https://cunghoctoan.com
https://cunghoctoan.net

. , TU SACH CUNG HOC TOAN
‘ ) Cung Hoc Todn , -
ry S6 01 - Todn chuyén - Olympic

W, — 1. Gia thiét quy nap cho A’ nhan moi gid tri 0, ..., W, — 3, nén H = 1+ H’ nhan moi
giatril,...,W, —2. Gid tri H = 0 cling da duoc xét.

Nhu vay moi gié tri nguyén tt ¢ dén W, — 2 déu dat dugc. Theo (6), s6 budc nhé nhat
la r — 1+ ¢, con sO bwdc 16n nhat 1a

r—1+Wy—=2)=r—1+(r+2—2)=2r+z-3.
Moi s6 nguyén gitta hai gia tri nay déu dat dugc, nén (5) dugc chitng minh. O
Hé qua 4.2. Voir >2va A, B > 1 nguyén to cung nhau, ta co

L(A, ..., A AB) = {r,...,2r — 2}.

r—11lan

Chitng minh. O day (z,y,z) = (r —1,0,1), nén ¢ = 1. Thay vao hai dau mut trong Pinh
ly4.1,tadugcr —14+1=7rva2r+1—3=2r—2. O

Chang han, bang (2,2,6) c6 (z,y,2) = (2,0,1), nén tap s6 budc chinh xac la {3,4}. Hai
qud trinh & phan mé dau da cho céc gia tri nay; dinh ly con chitng minh khéng cé s6
buéc nao khac. Bang (2,3,6) c6 (x,y,2) = (1,1,1), nén tap sd budc la {2, 3,4}.

Nhan xét. Mot s6 nguyén duong dugc goi la khéng chita binh phuong néu né khong chia
hét cho p? vgi bat ky s6 nguyén td p nao; vi du 6 khong chita binh phwong, con 12 chia
hét cho 22.

Cho hai s6 nguyén t6 phan biét p,¢. Moi s6 16n hon 1, khong chitra binh phuong va
khoéng cé wdc nguyén t6 ngoai p, ¢ déu thudc {p, ¢, pq}. Do d6 Pinh 1y 4.1 phén loai tat ca
cac bang gom nhitng s6 nhu vay. Néu cé it nhat hailoais6, thi Q(P) =z +y+22=r+2
va M = pq. Chan trén trong Ménh dé 2.2 bang (r + z) —2+r — 1 = 2r + z — 3, dung bang
s6 budc 16n nhat da dat duwoc.

5 Tap soé budc khdng nhat thiét lién tiép

Trong 16p vira xét, tap s6 budc gom tat ca cac s6 nguyeén gitra gia tri nhé nhat va 16n nhat.
Vi du sau cho thay tinh chat &y khong ding véi moi bang. DEé tim toan bo tap sé budc,
ta xét tat ca cac loai cdp cé thé chon ¢ budc dau tién. Sau khi biét bdng con lai, tong so
buéc bang mot cong véi s6 bude thye hién tir bdng do.
Pinh 1y 5.1. Cho A, B > 1vdi ged(A, B) = 1. Khi do

L(A’B, A’B, AB?) = {3,5,6,7}. @)

Chitng minh. Pat X = AB,U = A2BvaV = AB% Do gcd(A,B) = 1,taco ged(U,V) = X
valem(U,V) = X2, Vivay cap (U, V) dugc thay bang (X, X). Matkhac, X | UvaU/X = A,
nén cdp (X,U) dugc thay bang (X, A). Cdc qud trinh bat dau bang hai s6 nay la

(U, V) — (X, X) — X,
(X, U)— (X,A) — (A,B) — X.

Hai quad trinh nay 1a duy nhét vi & mo6i budc chi ¢6 hai s6 16n hon 1. Do d6 N(U,V) = 2
va N(X,U) = 3.

Theo Pinh 1y 4.1 vé6i (z,y,2) = (1,0,2), bang (A4, X, X) c6 tap s6 budc {3,4,5}.

Xét bang (X, X,U). Néu budc dau chon hai s6 X, badng con lai 1a (X, U), nén tong s6
budc bang 1 + 3 = 4. Néu budc dau chon X va U, cap nay dugc thay bang (X, A), con s6
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X khong duogc chon van gitr nguyén. Bdng con laila (4, X, X). Cac s6 budc con lai chinh
xac 1a 3,4,5, nén cac téng so budc chinh xdc 1a 4,5, 6. Hai loai cap nay la tat ca cac kha
nang. Suy ra

L(X, X, U)={4}U{4,5,6} = {4,5,6}.

Cubi cung, xét badng (U, U, V). Chon hai s6 U & budc dau cho bang (U, V), nén tong so
budc bang 1 + 2 = 3. Chon U va V & budc dau cho bang (X, X, U), nén cac tong sé budc
chinh xacla 5,6, 7. Vi khong con loai cap nao khac, ta dugc (7). O]

Vidu5.2. Lay A =2, B = 3. Khi d6 £(12,12,18) = {3,5,6, 7}. Hai qua trinh gom ba budc
va nam budc la

(12,12,18) > (12,18) — (6,6) > 6,
(12,12,18) — (12,6,6) — (12,6) — (6,2) — (2,3) > 6.

Khong cé qua trinh gom bon budc, theo viéc xét hét cac lya chon & budc dau trong chitng
minh trén. Ba la s6 phan t& ban dau nhoé nhat cé thé xay ra hién twong nay, vi vai hai
phan t, tdp s6 budc chi cé mot phan t.

V@i cac bang c6 dang trong bo dé sau, ta cé thé tao mot bAng méi ma moi sé budc déu
tang thém cung mot s6 nguyén k. V&i mot tap so nguyén S, ky hiéu k+S = {k+n:n € S},
tire 1a tdp nhan dugc bang cach cdng k vao trng phan ti cia S. Chang han, 2 + {3,5} =
{5,7}. B6 dé sau khong can diéu kién nguyén t6 cung nhau.

B0 dé 5.3. Cho cdc so nguyén A,B > 1, s > 1vak > 0. Khi dé

L(A, ..., A, A*B) = k + £(A, ..., A, B). (8)

s lan s lan

Chitng minh. Néu k£ = 0 thi hai vé 1a cung mot tap sé buédc. Giad s& k£ > 0. Ta danh dau
phan t& A*B dé phan biét n6 véi cac phan ti khac. Khi gia tri cda phan t& dwgc danh
dadula A’B,vGij > 1,n616n hon A, con moi sd 16n hon 1 khéng duge danh ddu déu bang
A. Do d6 moi budc trong giai doan nay c6 mot trong hai dang

(A, A) — (A,1) hodc (A, A'B) s (A, A7 'B).

Trong dang th hai, A | A7B, nén UCLN bang A; ta gitt ddu trén phan t& 471 B.

Luon con it nhat mot s6 A khong duwgc danh dau. That vay, dang thi nhat can hai sé
A va dé lai mot s6 A, con dang thir hai gitt nguyén so lwgng cac s6 A khong dugc danh
ddu. Vivay, khi j > 0, van c6 it nhit hai s6 16n hon 1 va qua trinh chua két thiic. Theo
binh 1y 2.1, qua trinh phai két thic sau hitu han buéc, nén phan t duwgc danh dau phai
dat gid tri B. Chi cac budc thudc dang thi hai lam j gidm, méi 1an giam dung mot. Do dé
c6 dung k budc nhu vay trudce lan dau dat B.

Xét mot qud trinh bat ky gom N budc tt bdng ¢ vé trai cua (8). Trudc khi phan t&
duoc danh dau trd thanh B, gid st ¢6 ¢t budc chon hai s6 A khong duwoc danh dau. Tai
thoi diém dat B, bdng c6 s —t s6 A khong dugc danh dau va mot phan t& dugc danh dau
bang B.

Bay gio bat dau mot qua trinh méi tlr s s6 A va mot phan t& duwgc danh dau bang B.
Thuc hién lai ¢t budc chon hai s6 A néi trén. Cac budc nay van hop 1é: nhitng budc tac
doéng 1én phan t& dugc danh dau trong qua trinh cti khong lam thay déi s6 luwgng cac s6
A khong duoc danh dau. Sau ¢ budc, bAng méi cling c6 s — ¢ s6 A va phan t& dwgc danh
dau B. Tu day, tiép tuc dung phan con lai cia qua trinh cfi. Qud trinh mdi gom N — k
budc, vi dd bo di ding k£ budc lam gidm s6 mi j. Lap ludn van dung khi B = A, nho viéc
phan biét phan t& duwgc danh diu v6i nhitng s6 A con lai.
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Nguoc lai, cho mot qua trinh gom » budc tir bdng c6 s s6 A va mot s6 B. Tk bang c6
phan t dugc danh diu A*B, dung mot trong s s6 A dé thuc hién lién ti€p k£ buwdc thudc
dang th& hai. M6i budc gitt lai s6 A vira chon, nén ca k budc déu thye hién dugce. Sau dé
phan t& dugc danh dau bang B, va ta ndi thém qua trinh gom » budc da cho. Tong so
buécla k + n.

Hai cdch xay dyng trén chirng minh ca hai chiéu ctia dang thic (8). O

Hé qua 5.4. Cho A, B > 1 nguyén té cung nhau, va ddt U = A?B, V = AB2 V0i moi s6
nguyén k > 0, ta co

LU, U, UV = {k+3,k+5,k-+6,k-+T7}.
Do do vdi moi s6 nguyén ¢ > 4, c6 mét bang gom ba sé cho cdc qud trinh gom ¢ —1va {+1
buwéc, nhung khong cho qud trinh nao gom ¢ budc.

Chitng minh. Ap dung B6 dé 5.3 v4i s = 2 va haisé U, V thay cho A, B. Sau d6 dung Pinh
ly 5.1, ta duoc
LU, U, UMV) =k + L(U,U,V)
=k+{3,5,6,7}
={k+3,k+5k—+6k+T7}.
V6il>4,ddtk=¢—4>0. Tap trén trdthanh {/—1,/+1,+2 ¢+ 3},chdtal/—1va/l+1
nhung khong chua /. O

Chang han, 1y A = 2, B=3vak = 2. Khid6 U = 12, V = 18 va UFV = 2592, nén
£(12,12,2592) = {5,7,8,9}.

6 Hai cau hdi tiép theo

Vi du (12,12, 18) dung céc s6 c¢6 wdc la binh phuwong cia mot s6 nguyén td. Ta cé thé hédi
diéu gi xay ra néu moi so ban dau déu khong chira binh phwong. biéu kién nay duoc git
nguyén qua phép bién déi: s6 mi ctia moi s6 nguyén té chi nhan gia tri 0 hoéc 1, va khi
thay (u,v) badng (min(u, v), |u — v|), cdc s6 mi mdi van thudc {0,1}.

Trong trwong hop nay, mdt sé6 dugc xac dinh béi tdp cac wdc nguyén té cia n6. Néu
hai s6 tng véi cac tap S, 7, thi UCLN ng v6i S N T, con s6 thw hai dugc tao ra ng véi

SAT = (S\T)U(T\S).

Tap S A T dugc goi la hiéu déi xitng: n6 gom cdc phan t thudc dung mot trong hai tap

S,T. Chang han, cip (6, 15) dugc thay bing (3, 10). Cac tap wdc nguyén t6 twong wng thay

tir {2, 3}, {3,5} thanh {3}, {2,5).

Ban doc thw sic.

(a) T bang (6, 10,15), mot van choi c6 thé két thic sau bao nhiéu budc? Hay tim tat ca
cac kha nang va giai thich vi sao khong con kha nang nao khéc.

(b) Tac66 =2-3,10 =2-5va 15 = 3-5. Thay 2, 3,5 lan lugt bang ba s6 nguyén t6 doi
mot khac nhau p, ¢, r. Lap luan & phan (a) cho biét gi vé tap £(pq, pr, qr)?

Goiy. Sau budc dau tién, s6 nao xuat hién hai lan trén bang?
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MOi s trong bang (pq, pr, ¢r) 1 tich ctia hai trong ba s6 nguyén t6 da chon. Bay gio ta
chi gia st rang khong s6 nao trén bang ban dau chia hét cho binh phwong ciia mot sé
nguyen to.

Cau hoéi 6.1. Néu tit ca c4c so ban dau déu khong chira binh phuwong cia mot sé nguyén
to, tap £(a) c6 ludn gom cac so6 nguyeén lién tiép khong?

DPinh 1y 4.1 trd 1061 khdng dinh khi tich ctia cac s6 ban dau cé nhiéu nhat hai wdc nguyén
t0 phan biét. Treong hop c6 nhiéu wdc nguyén t6 phan biét hon dan dén ciu héi trén.

Doi vdi bang tuy y, Hé qua 5.4 cho mdt sé nguyén ¢ khong thudc tap sé budc, trong khi
¢ —1va/+ 1 deéuthudc tap ay. S6 ¢ c6 thé 16n tuy ¥, nhung ho vi du nay chi b s6t mot
s6 nguyén gitra hai s6 budc dat dugc. Piéu nay dan dén cau hoi vé viéc bo sét nhiéu s6
nguyén lién tiép.

Cau hoi 6.2. V§i moi s6 nguyén h > 1, ¢6 ton tai mot bdng a ma tp £(a) c6 hai phan t&
u < vV0Oiv—u—12>h, nhung khong chitra s6 nguyén nao nam gitra « va v?

O day v — u — 114 6 cdc s6 nguyén u + 1,...,v — 1. Cau héi yéu cau ca u va v déu 1a
nhitng s6 budc dat duwgc, con it nhat » s6 nguyén lién tiép nam gitta ching déu khong
dat dugc. Bo dé 5.3 cong cing mot s6 vao moi phan ti ctia tap sé budc, nén gitt nguyén
céc hiéu v — u. Vi vay b6 dé nay chwa cho cau tra 101 khi yéu cau s6 lugng céc sé nguyén
bi bé sét tang 1én.
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